A review is given of some classical and quantum aspects of 2+1 dimensional gravity.
Introduction
Gravity in 2 + 1 dimensions [1] can be given two different meanings: one as the study of special solutions of 3 + 1 dimensional gravity in presence of a space-like Killing vector; the other as a simplified model of gravity which can lend itself as playground to hopefully learn how to deal with problems in 3+1 which up to now have defeated our comprehension. The first aspect is of interest in connection of cosmic strings.
One starts by counting the number of independent components of the Riemann tensor as a function of the space-time dimensions D.
In D = 2 due to the symmetries of the Riemann tensor we have only one independent component R 0101 and actually we can write In D = 3 due to the antisymmetry of R µνλρ in the pairs (µν) and (λρ) we have that each pair can assume only three values and due to the symmetry under the exchange of the two pairs we have that the Riemann tensor has only 6 independent values i.e. as many as the number of independent components of the Ricci tensor. We can also write
being G σ κ the Einstein tensor.
Einstein's equations are written as
where G is Newton's constant whose dimension is l dimensions there corresponds a solution in 3 + 1 with a space like Killing vector and an energy momentum tensor which is simply related to the one in 2 + 1; in 3 + 1 a tension develops along the third dimension.
The situation described above is interesting in connection of cosmic strings [2] .
We note however that not all solutions of Einstein equations in 3 + 1 dimensions with an open space-like Killing vector give rise to solutions of 2 + 1 dimensional gravity. We can quote as an example the axial solutions given by Levi-Civita [3] 
We see here that g 33 = ρ −2m and as such not constant.
In all dimensions T µν = 0 implies R µν = 0 but in 2 + 1 dimensions R µν = 0 implies R µνλρ = 0 and thus where matter is absent space-time is flat. This is the most important property of 2 + 1 dimensional gravity.
Energy, momentum and angular momentum in 2 + 1 dimensions
After these general comments we come to the definition of the fundamental quantities in the theory, i.e. energy-momentum and angular momentum. where dS σα is the element of a space-like two dimensional surface at space infinity.
It is well known that such energy-momentum can be defined when the metric approaches at space infinity the minkowskian metric. Such a definition cannot be taken over directly to 2+1 dimensional gravity; in fact it is true that the space outside the sources is exactly flat, but the global structure of the space time at space infinity is that of a cone with a non zero deficit angle. We shall see e.g. that for a stationary, static distribution of matter such a deficit angle equals the space integral of T 0 0 i.e. the total amount of mass of the matter present in the system. The result however does not hold in general. With regard to angular momentum the situation is more complicated. One can consider the rather artificial massless ( zero deficit angle ), and then one can carry over the usual procedure of 3 + 1 dimensions and thus one is able in the stationary case to identify the angular momentum with the time jump which occurs in a synchronous reference system when one performs a closed trip around the source [5] .
A general definition of energy-momentum and angular momentum in 2+1 dimensions can be derived by computing the holonomies of the ISO(2, 1) group, which were introduced in connection to the formulation of pure 2+1 dimensional gravity as a ChernSimon theory.
Lorentz and more generally Poincaré holonomies will play a fundamental role in all what follows and thus we turn now to them.
Let us consider to start the Lorentz holonomy
where
and J a are the generators of the SO(2, 1) group with commutation relations given by
and the traces given by
where If Θ a is a light-like vector then in the fundamental representation we have
If Θ a is space-like
If Θ a is time-like we have
The ± alternative is a necessary one for Θ a space-like or light-like.
In the light-like and space-like case by computing trM and tr(M J a ) one determines completely M and thus Θ a while in the time-like case Θ a is completely determined in the range 0 ≤ √ −Θ a Θ a ≤ 2π. In this way we are also able to establish whether Θ a ∈ V + or V − , where V + and V − denote the set of future and past directed time-like vectors.
In addition to eq.(2.2) one can consider the Poincaré holonomy given by
which can also be written as
in the adjoint representation. It is useful to represent W as [6] 
with multiplication rules
being M the transformation M in the adjoint representation.
Let us now consider the Poincaré holonomy for a closed loop; we can perform a gauge transformation at the origin of the loop or equivalently move the point along the contour or move the whole loop in space provided it always moves without intersecting matter.
In all cases W is subject to a gauge transformation W ′ = T W T −1 with
where A is an element of SU (1, 1) from which The energy momentum of the system will be identified by (c = 1 from now on)
when M is the Lorentz holonomy computed along a closed contour which encloses all matter.
A major result of classical general relativity is the positive energy theorem [9] which states that the energy-momentum pseudovector as defined in eq. A similar result can be obtained in 2 + 1 dimension [10] with the definition of energy given above eq.(2.17) but as we shall see now there are some differences.
We shall assume the existence of an edgeless space-like initial data two dimensional surface Σ with the topology of R 2 . Let us consider on Σ a family of closed contours 
where R µν is the curvature form in the fundamental representation. Eq.(2.18) is true in any dimension but in 2+1 dimensions the curvature 2-form is given directly by the energy-momentum tensor
with η µνρ ≡ √ −g ǫ µνρ and T aρ = e a µ T µρ . Taking into account that −η µνρ dx µ dλ dx ν ds is the area vector N ρ corresponding to the 2-dimensional surface Σ, and thus time-like and the dominant energy condition (DEC) [11] we have
By substituting into eq.(2.18) we have
with Q a time-like and future directed.
If we parameterize M in the fundamental representation as M (s, 1) = w(s)I −2iJ a θ a (s) the evolution equation gives
and
Such a system of differential equations can be discussed rigorously [10] with the following results:
For s = 0 obviously M (0, 1) = w(0, 1) = 1 and Θ a = 0. Then as the loop expands and starts including matter Θ a becomes a time-like future directed vector whose norm (i.e.
the mass squared) increases monotonically as the loop embraces more and more matter and in the meantime w(s) decreases monotonically from the initial value 1. The value w(s) = −1 can be reached in two ways, either with θ a = 0 or with θ a light-like. In the first case the universe has a time-like momentum and √ −Θ a Θ a has reached the value 2π; in absence of further matter the universe becomes a cylinder at large distances.
Instead for θ a light-like we have a light-like universe. If by still expanding the loop we enclose more matter in case 1 the momentum stays time-like and the deficit angle becomes larger that 2π and the universe closes kinematically with the topology of a sphere; instead in case 2, Θ a becomes space-like. An example of such universe is the one envisaged by Gott [12] , built up by two fast moving particles and which was subject to close scrutiny in the literature [13] . Again the rigorous discussion of the evolution equations [10] shows that it is not possible, by still adding matter to such space-like and we have T 00 = N T 00 . In this case the evolution equations can be solved explicitly [10] to get for the mass of the system
where T 0 0 is the energy momentum tensor in the coordinate basis and γ is the determinant of the space metric, in agreement with the result of [5] . or it has space-like momentum.
As we mentioned above Θ a Θ a is not the only invariant of the Poincaré holonomy; we have also Θ a E a . This is related to the angular momentum (which in 2 + 1 dimensions has just one component) by
A first check of the correctness of our definition comes from the value it assumes for the "Kerr" solution in 2 + 1 dimensions
We find in fact that J of eq.(2.25) coincides with the J appearing in eq.(2.26) which is related to the time shift ∆t that appears in a synchronous coordinate system when one encircles once the source ∆t = 4GJ × 2π. The J of eq.(2.25) also coincides (in the limit m → 0) with the value obtained from the 3 + 1 dimensional prescription in the case of a massless source with angular momentum, for which the angular deficit at infinity is zero.
For the Poincaré holonomy one can write down evolution equations [10] similar to the ones written and discussed for the Lorentz holonomy. These can be solved in the weak limit giving for J the expression of the angular momentum in special relativity and thus providing further support to the identification (2.25). Thus formulas (2.17, 2.25) provide a good definition for energy-momentum and angular momentum in 2 + 1 dimensions; a positive energy theorem holds with some characteristics which are intrinsic to 2 + 1 dimensions.
Solving Einstein's equations in 2+1 dimensions
Gauges of geodesic type play a special role in 2 + 1 dimensional gravity. It was already pointed out in [15] that in gaussian normal coordinates the evolution equations in 2 + 1 dimensions are reduced to a system of ordinary differential equations. There is a variety of geodesic gauges [16, 17] , the best known being the Fermi-Walker gauge [16] . In the first order formalism such a gauge is defined by
These equations are solved by
where R a bji and S a ji are the Riemann tensor and the torsion. Here we shall work with zero torsion. These resolvent formulas hold in any dimensions, however in 2 + 1 dimensions they assume a particular meaning because the Riemann tensor appearing in eq. (3.2) is given directly in terms of the energy-momentum. Thus eqs. (3.2) give the metric in terms of the sources by a quadrature. However one has to keep in mind that the energy-momentum tensor T c which appears in Einstein's equation
3)
is not completely arbitrary but is subject to the symmetry and covariant conservation constraints summarized by
Thus the problem of solving Einstein's equations is reduced to that of solving [18] the constraints (3.5). The conservation constraint is automatically solved if we express the energy momentum tensor in terms of the connection, through eq. 
the metric becomes
In terms of such functions the symmetry constraint becomes equivalent to the system [18]
Three of the functions α 1 , β 1 , γ 1 , α 2 , β 2 , γ 2 can be given freely while the others are determined by eq.(3.9). We are interested in solutions in which the source T aρ has some bounded support in space. The condition for a bounded support is that the invariants of the holonomies become constant outside the sources. 
By using these formulas or in the simpler cases by using directly eqs.(3.9) one can write down with great ease all solution written in the literature [1] and also other solutions [18] .
In addition to the standard exterior "Kerr" solution [1, 5] 
we can mention the exterior metric generated by a closed string with tension [1]
with k > 0 and g θθ = const > 0 and the "linear" universes [1]
with g tθ = const. It is also possible [18] to write down time dependent solutions which satisfy the energy condition over all space-time.
Causality
The discovery by Gott [12] of a simple system in 2 +1 dimensions which possesses closed time-like curves (CTC) has revived the issue of the consistency of general relativity with causality [19, 20] . The first concrete example of a solution of Einstein's equations which possesses CTC was given in 1949 by Goedel [19] . Actually Goedel's example, due to the trivial dependence in the z−coordinate, is one of the first solution of 2 + 1 dimensional gravity (in presence of a negative cosmological constant). In Goedel's universe the violation of causality occurs for very large trips. Also the 2 + 1 dimensional "Kerr" For a closed universe composed of a finite number of point-like spinless particles 't Hooft
[21] gave a general treatment which allows to prove that even though the formation of Gott's pairs is energetically permitted, the universe collapses before a traveler can complete a CTC.
With regard to the occurrence of CTC's in the "Kerr" solution eq.(2.26) such a problem was examined in [23] by employing the Fermi-Walker gauge described in the previous section. The physical nature of such a gauge allows to extract useful information from the energy condition which here is used in the weak form (WEC) stating that for any time-like u µ we have u µ T µν u ν < 0. The following theorem holds [23] :
For a stationary open universe with axial symmetry if the matter sources satisfy the WEC and there are no CTC at space infinity, then there are no CTC at all. Thus the "singular source" related to (2.26) does not satisfy the WEC.
In fact from the WEC and the absence of CTC's at infinity it is possible to prove that
As g θθ = 0 for ρ = 0 and det(e) cannot vanish in open universes with axial symmetry [23] , g θθ is always positive. Thus the absence of CTC's is the result of a subtle interplay between the WEC and boundary conditions. The hypothesis of absence of CTC's at infinity is a necessary one as one can construct examples of universes which satisfy the WEC but have CTC's at space infinity [23] .
With the same techniques the theorem on the absence of CTC's can also be proved for all closed stationary universes with axial symmetry. With regard to the extension to non axially symmetric stationary universes at present the proof goes through provided det(e) in the Fermi-Walker gauge never vanishes but one expects to be generally true for stationary universes.
Due to the simple structure of 2+1 dimensional gravity one would expect a very general simple statement about CTC's but at present this is lacking.
Finally we remark that in a model with point-like particles, such particles have to be taken with zero angular momentum otherwise we have a violation causality or equivalently of the energy condition.
Canonical quantization
The most direct approach to quantizing 2 + 1 dimensional gravity is the canonical approach. One starts fixing a priory the topology of space-time. Compact 3-dimensional manifolds are to be avoided due to causality requirements [24] . Then the simplest choice is M = Σ × R with Σ a compact orientable two-dimensional manifold. The classical ADM [25] hamiltonian formulation of gravity in n + 1 dimensions starts with the action
and with
where ∇ b is the covariant derivative with respect to the space metric of the n dimensional space-like manifold defined by t = const, g is the determinant of the metric of the space slice and R is the scalar curvature of the space slice. It is well known that the role of the lapse and shift variables N and N a is that of Lagrange multipliers. We know that for Σ ≈ S 2 the connections are trivial and thus the model is trivial. There are two ways to give the theory a non trivial content; either one introduces a non trivial space topology or one adds matter. The first alternative is the simplest. Thus one takes for Σ an orientable two dimensional manifold of genus g ≥ 1.
Moncrief [15] and Hosoya and Nakano [26] have shown that the classical system described by (4.1) in 2 + 1 dimensions is equivalent to a hamiltonian system of 6g and a conformal factor e 2λ g ab = e 2λ h ab ; R(h) = −1 or 0 for g = 1 (4.4) plus the Teichmueller parameters τ α which are 2 for g = 1 and 6g − 6 for g > 1.
The momentum constraints H a = 0 impose on the conjugate momenta the structure 
one reaches apart from some boundary terms which are not relevant for the equations of motion the action
Thus the Hamiltonian is simply given by the area of the space-like slice K = const; however in the canonical formalism one has to express such an area in terms of the canonical variables. In the simple case of the torus this can be accomplished with the result [15, 28] 
The K dependence in the Hamiltonian can be removed [15] by putting K = exp(t/(2π) 2 ). One can now proceed to the canonical quantization by posing p j = −i ∂ ∂τ j thus reaching the Schroedinger equation 
which correspond to the large diffeomorphysms.
The ADM approach is the typical second order approach to gravity. One can however formulate gravity also in the first order approach with dreibeins and connections taken as independent variables and which shares a greater similarity with the usual gauge theories. The action in 2 + 1 dimensions is given by
which apart a divergence term has, in the notation employed in sect.3, the form
where R ab is the curvature and S a is the torsion. From eq.(4.11) one derives the canonical P.B.
and two constraints R ab ≈ 0 and S a ≈ 0. Thus we have that the group curvature of the Poincaré connection is locally zero and the only non trivial quantities are the holonomies related to non contractible loops. It is of great interest to study the algebra of such holonomies or better of the invariant quantities which characterize them. We recall that there are two invariants for each holonomy i.e. the "angle" of the Lorentz transformation and the projection of the "displacement vector" on the "rotation axis". 
all the other P.B. as well as those of non intersecting loops being zero. Using such relations one can compute recursively for example, all the invariants of the loops generated by two intersecting loops. We know however that there are only a finite number of invariant quantities ( 4 for the torus and 12g −12 for g > 1) and thus we have the problem of the reduction to a minimal set of invariant and that of giving the representation of this algebra at the quantum level. all the other P.B. being zero.
The same program has been carried through by Nelson and Regge explicitly for g = 2
and implicitly for any g [27] . It is of interest to relate this approach which contains only constants of motion to the ADM-type of approach described previously. Clearly some space-like foliation has to be performed to introduce the concept of time. This has been accomplished for the torus by Carlip [28, 29] by introducing the foliation t = K −1 cosh(ξ) and x = K −1 sinh(ξ) , K constant and ξ and y variable, where K is just the extrinsic curvature of the two dimensional surface embedded in Minkowski space and plays the role of time as in the Moncrief approach.
It is simple to compute the complex modulus of the space-slice
while the area and thus the Hamiltonian (see eq.(4.6)) becomes [28] 
Again the wave function will be required to be invariant under modular transformations 
and substituting into eq.(4.17) one yields for the Hamiltonian
The request of invariance under modular transformations in the λ, µ space imposes the eigenfunction of eq.(4.19) to transform like modular form of weight 1/2. Thus while the two approaches are equivalent at the classical level they are not at the quantum level.
In a series of papers to which we refer for full details, Carlip [29] and Carlip and Nelson [30] have analyzed the source of this difference. The use of one or the other approach leads to a natural choice of fundamental variables which differ in the two cases. The translation of the classical theory to the quantum theory, as is well known, is subject to the problem of the ordering of the operators, which at least in part is related to the choice of the metric defining the scalar product in Hilbert space.
Tessellation and polygonal approaches
Usually the lattice is employed in field theory as a non perturbative regulator. In 2 + 1 dimensional gravity due to the local flatness of space-time it is possible to set up lattice-like schemes which are exact.
First we describe the tessellation approach of 't Hooft [21, 22] . The main idea is to There are constraints on the fundamental variables L i and η i because to close each polygon we must have
where the sum extends to each single polygon.
Particles can be introduced by removing from a polygon a sector whose opening is given by δ = 8πGm if the particle is at rest with respect to the Lorentz frame of the polygon.
If the particle moves with respect to such frame a proper boost has to be applied. Due to the presence of the boosts and the motion of the particles, the lengths L i of the sides change in time and can also vanish. Other sides can also originate for the same reason and these processes are encoded in nine transition rules which are described in detail in [22] . Such a deterministic system has been employed by 't Hooft to prove the absence of formation of CTC's in a closed universe containing point-like spinless particles and to study by means of numerical calculations simple three dimensional cosmological models. To proceed to quantization one has first to set up an hamiltonian description of the system. There are two elegant features in the hamiltonian formalism:
the first are the remarkably simple P.B.
and the second the fact that the Hamiltonian is given by all the deficit angles
These deficits are both due to the presence of a particle and to the fact that i α i (V ) extended to the angles converging to a single vertex V is not 2π due to the presence of the boosts. Recalling that the α i (V ) can be computed from the boosts we have that the Hamiltonian is only function of the boosts. One has however keep in mind that in addition to the constraints eq.(5.1, 5.2) there are other constraints of the type of triangular inequalities among the boosts which have to be taken into account [22] .
Quantization is achieved by replacing the P.B. with commutators and the classical transition rules mentioned above now play the role of boundary conditions on the wave function. A remarkable consequence of the form (5.4) of the Hamiltonian is that as the α i are determined in terms of the η i by inverting trigonometric relations, the α i and as a consequence 8πGH is determined only modulo 2π. This means that the evolution operator exp(−iHt) is well defined only for discrete values of the time parameter t = 8πGn. It would be nice to apply this quantization scheme to some simple instances.
Waelbroeck's polygonal approach [31] is strictly related to the first order formulation of gravity and to the algebra of observables of Nelson and Regge of which it can be considered as a geometrical realization. The space-like slice is described by a polygon in flat Minkowski space in which pairs of sides are identified. Thus we have as variables the three vectors representing the sides and for each side an element of the Lorentz group which represents the Lorentz holonomy which takes from the given side to its image.
One denotes the sides by E(µ) with µ = 1, . . . 2g with g the genus of the surface and the Lorentz holonomies which relate the side µ with its image by M (µ). Thus the Lorentz component of the holonomy related to a closed path which joins E(µ) with its image is simply given by M (µ) and it is also possible to reconstruct the translation part E σ of the Poincarè holonomy related to a closed loop σ, in terms of the M (µ) and the E(µ) [31] .
There are two constraints: the first is that the polygon must close i.e. and the other, like in the algebra of observables, tells us that the Lorentz relator equals the identity Such an approach however appears to be still inequivalent to the previously described approaches [31] .
Conclusions
We saw that 2 + 1 dimensional gravity is well understood at the classical level even if there are still some problems to be solved. At the quantum level on the other hand we have a variety of approaches all of which appear to lead to inequivalent formulations.
In addition only the simplest situations, e.g. absence of particles, and the simplest topologies have been thoroughly examined. One has to sort out which approach is the correct one and possibly examine more general situations.
